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$\frac{\partial u}{\partial t}+u\cdot\nabla u+\nabla p=0$ in $x\in\Omega,$ $t>0,$ ,
$\mathrm{d}\mathrm{i}\mathrm{v}u=0$ in $x\in\Omega,$ $t>0$ ,
$u|_{t=0}=a$ ,
$\backslash$
$u\cdot n=0$ on $\partial\Omega$ ,
$u=(u^{1}(X, t),$ $u^{2}(x, t),$ $u^{3}(X, t))\text{ }p=p(X, t)$ (
$a=(a^{1}(x), a^{2}(x),$ $a^{3}(x))$
$n=n(X)=(n^{1}(x), n2(x),$ $n^{3}(x))$ $\partial\Omega$
.
Ebin-Marsden $[12]_{\text{ }}$ Bourguignon-
Brezis $[3]_{\text{ }}\mathrm{T}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{m}[33]\text{ }$ Kato-Lai $[16]_{\text{ }}\mathrm{O}\mathrm{k}\mathrm{a}\mathrm{z}\mathrm{a}\mathrm{W}\mathrm{a}[25][26]$
Kato-Lai [16]






$\mathrm{B}\mathrm{e}\mathrm{a}\mathrm{l}\mathrm{e}- \mathrm{K}\mathrm{a}\mathrm{t}\mathrm{o}^{-}\mathrm{M}\mathrm{a}\mathrm{j}\mathrm{d}\mathrm{a}[2]$ blow-up crite-
rion $\Omega=R^{3}$
1 .
1197 2001 60-72 60
Theorem 2 (Beale-Kato-Majda, Ferrari, Shirota-Yanagisawa) $m\text{ }\mathit{3}1\text{ }A_{-}\llcorner$
$u$ $C([0, T);H^{m}(\Omega))$ Euler
$\lim_{t\nearrow}\sup_{T}||u(t)||_{H}m=\infty$











$\int_{0}^{t}||\omega(\tau)||\mathrm{B}\mathrm{M}\mathrm{o}d\mathcal{T}\nearrow\infty$ $(t\nearrow T)$ $\int_{0}^{t}||\omega(\tau)||_{B_{\infty,\infty}^{0}}d\tau\nearrow\infty$ $(t\nearrow T)$
$\Omega=R^{3}$ Constantin[8] Theorem 2
$||u||_{L}\infty$ $\omega/|\omega|$
$\int_{0}^{t}||\omega(\mathcal{T})||_{L_{u}}1d_{\mathcal{T}}nif,\iota\circ c\nearrow\infty$ $(t\nearrow T)$
$||f||_{L^{1}}unif, \iota oc=\sup_{x}\int_{|y|<1}-x|f(y)|dy$
Beale-Kato-Majda blow-up criterion Boussinesq
$(\mathrm{C}\mathrm{h}\mathrm{a}\mathrm{e}- \mathrm{N}\mathrm{a}\ln[7],$ $\mathrm{C}\mathrm{h}\mathrm{a}\mathrm{e}-\mathrm{K}\mathrm{i}\mathrm{m}-\mathrm{N}\mathrm{a}\mathrm{m}[6],$ $\mathrm{I}_{\mathrm{S}}\mathrm{h}\mathrm{i}\mathrm{m}\mathrm{u}\mathrm{r}\mathrm{a}-\mathrm{M}\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{m}\mathrm{o}\mathrm{t}\mathrm{o}[15]$ ,
$\mathrm{T}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{u}\mathrm{c}\mathrm{h}\mathrm{i}[31].)$
$\Omega$ Euler Ferrari Shirota-Yanagisawa
















$\mathrm{b}\mathrm{m}\mathrm{o}_{\beta}(\Omega)\equiv$ { $f\in L^{1}(\Omega)$ ; there exists $f\in \mathrm{b}\mathrm{m}\mathrm{o}_{\beta}(R^{3})$ with $\tilde{f}=f$ in $\Omega$ },
$||f||_{\mathrm{b}} \mathrm{m}\mathrm{o}_{\beta}(\Omega)\equiv\inf$ { $||.\tilde{\mathrm{f}}||_{\mathrm{b}}\mathrm{m}\mathrm{o}_{\beta(R});3.\tilde{f}\in \mathrm{b}\mathrm{m}\mathrm{o}_{\beta(R^{3})}$ with $f=f$ in $\Omega$ }.
$\beta(r)=1$ $\mathrm{b}\mathrm{m}\mathrm{o}_{\beta}(R^{3})=\mathrm{b}\mathrm{m}\mathrm{o}(R^{3})\text{ }\mathrm{b}\mathrm{m}\mathrm{o}_{\beta}(\Omega)=\mathrm{b}\mathrm{m}\mathrm{o}(\Omega)$
$\beta\geq 1$ bmo $\subset \mathrm{b}\mathrm{m}\mathrm{o}_{\beta}$ ,
(2.1) $||f||_{\mathrm{b}}\mathrm{m}\mathrm{o}_{\beta}\leq||f||_{\mathrm{b}\mathrm{m}}0$
$\log 1/|x|\in \mathrm{b}\mathrm{m}\mathrm{o}(\Omega)$
$\log 1/|x|\cdot\log(e+\log(e+1/|x|))\in \mathrm{b}\mathrm{m}\mathrm{o}_{\beta}(\Omega)$ for $\beta(r)=\log(e+\log(e+1/r))$
2.2 Yudovich






$L^{\infty}(\Omega)$ 1 $\leq P<\infty^{L^{p}(\Omega}$ )
$\log$ $P\in[1, \infty)$ $L^{p}(\Omega)$ $L^{\infty}(\Omega)$
$L^{p}(\Omega)(p\neq\infty)$ $L^{\infty}$
DEFINITION $2.(.\mathrm{Y}\mathrm{U}\mathrm{D}\mathrm{O}\mathrm{V}\mathrm{I}\mathrm{C}\mathrm{H},)\Theta(p)\geq 1$ $[1, \infty)$
$Y_{\ominus}( \Omega)\equiv\{f\in\bigcap_{1\leq}p<\infty(L^{p}\Omega);||f||_{Y}(\Omega)<\infty\}$
$||f||_{Y_{}(} \Omega)\equiv\sup_{\geq p1}\frac{||f||_{L^{p}(\Omega})}{\Theta(p)}$ .
$L^{\infty}(\Omega)\subset Y_{\ominus}(\Omega),$ $||f||_{Y_{}}(\Omega)\leq||f||L\infty(\Omega)$ . $Y_{\ominus}(\Omega)$ $L^{\infty}(\Omega)$




DEFINITION 3. $M_{\ominus}(\Omega)\equiv\{f\in L_{\iota_{0}\mathrm{c}}^{1}(\Omega);||f||_{M}(\Omega)<\infty\}$ ,
$||f||M( \Omega)\equiv\sup_{p\geq 1}\frac{||f||_{\mathit{1}\mathrm{W}^{p}(\Omega}\iota_{o\mathrm{C}})}{\Theta(p)}$ ;
$||f||_{M_{\iota_{\mathit{0}}^{\mathrm{p}}\mathrm{C}}}( \Omega)=B(x,r),0<r<1\sup\{\int_{B(x,r)\cap\Omega}|f|dy\cdot r-n+n/p\}$
$Y\ominus$ \subset M
$\log 1/|x|\in M_{\ominus}(\Omega)$ for $\Theta(p)=p$
$\log 1/|x|\cdot\log\log(1/|x|+e)\in M_{\ominus}(\Omega)$ for $0(p)=p\cdot\log(p+e)$
$\log(e+\log(e+1/|x|))\in M_{\ominus}(\Omega)$ for $\Theta(p)=\log(e+p)$ .
$M_{\ominus}(\Omega)$ $\mathrm{b}\mathrm{m}\mathrm{o}$ $\mathrm{b}\mathrm{m}\mathrm{o}_{\beta}$






Theorem 3 $m$ 3 $u$ $C([0, T);H^{m}(\Omega))$ Euler
$\lim_{t\nearrow}\sup_{T}||u(t)||_{H}m=\infty$




$\int_{0}^{t}||\omega(\mathcal{T})||\mathrm{b}\mathrm{m}\mathrm{o}(\Omega)d\tau\nearrow\infty$ as $t\nearrow T$
(2.3) Corollary
Corollary 2Theorem 3
$\int_{0}^{t}||\omega(_{\mathcal{T}})||M\log(\mathrm{e}+_{P})(\Omega)d\tau\nearrow\infty$ as $t\nearrow T$





Theorem 3 Ferrari Shirota-Yanagisawa
(ii) Theorem 3 $\beta$ $0$ (3.4) –
Theorem 3 $\beta$ ( $\beta(r)=\Theta(\log(e+1/r))/\log(e+1/r)$
$(0,1]$ $\Theta(p)$
. [,1, $\infty$ ) 1 .




(3.7) $\Theta(sp)\leq C(s)\Theta(p)$ for all $p\geq 1$
$C(s)$
( (3.5) $\beta(r)\geq 1$ )
$\Theta(p)=p$ , $\beta(r)=1$ ;








$H_{\sigma}^{\dot{n}\overline{\iota}}(\Omega)\equiv$ { $v\in H^{m}(\Omega);\mathrm{d}\mathrm{i}\mathrm{V}v=0$ in $\Omega$ , $v\cdot n=0$ on $\partial\Omega$ }




$C(s, p, \Theta, \Omega)$ f\in $W^{s,p}(\Omega)$
(3.8) $||.\mathrm{f}1|L\infty(\Omega)\leq C\{1+||f||_{M_{}()}\Omega\Theta(\log(e+||.f||w^{\mathrm{e}p}.,(\Omega)))\}$





Beale-Kato-Majda (Theorem 2) Theorem 3
$W(x)= \sup_{0<<}tT|\omega(x, t)|$ Beale-Kato-Majda $W\not\in$
$L^{\infty}$ $W(x)$ $L^{\infty}$-norm
- Corollary 2
, $\Theta(p)=\log(e+p)$ $||W||_{M}$ $=\infty$ $W$
– $\log^{+}\log^{+}1/|x|$
$\omega(x, T)$ $\log^{+}\log^{+}1/|x|$
$||\omega||_{\mathrm{b}\mathrm{m}}0\leq C||\omega||_{W^{1}},3$ Corollary 1
$\int_{0}^{t}||\omega(\tau)||W1,3d\mathcal{T}\nearrow\infty$ $(t\nearrow T)$
4 Theorem 3









$\Theta(p)=p\cdot\log(e+p)$ (4.2) (4.3) $\log(e+||u||_{H^{m}})$
Gronwall





$\Omega=R_{+}^{3}=\{(x_{1}, x2, x3);x3>0\}$ ( ) $u$
–
(5.1) $\{$
$\nabla\cross u=\omega$ in $R_{+}^{3}$
$\nabla\cdot u=0$ in $R^{3}$
$+$ ’
$u\cdot n=0$ on $\partial R_{+}^{3}$ ,
(5.2) $u(x)= \int R_{+}^{3}G(_{X}, y)\omega(y)dy$
$G$ Green
(5.3) $| \partial_{x}^{\alpha}\partial_{y}^{\gamma}G(_{X}, y)|\leq C_{\alpha,\gamma}(\frac{1}{|x-y|})^{2+|}\alpha|+|\gamma|$
( ) $\Omega$ – Green Solon-
nikov ’70, ’71 Ferrari ’ $93_{0}$
(5.1)
(5.4) $\{$
$\nabla\cross\frac{\partial}{\partial x_{1}}u=\frac{\partial}{\partial x_{1}}\omega$ in $R_{+}^{3}$
$\nabla\cdot\frac{\partial}{\partial x_{1}}u=0$ in $R_{+}^{3}$ ,
$\frac{\partial’}{\partial x_{1}}u\cdot n=0$ on $\partial R_{+}^{3}$ ,
$\frac{\partial}{\partial x_{1}}u$ –
(5.5) $\frac{\partial}{\partial x_{1}}u(x)=\int_{R_{+}^{3}}G(x, y)\frac{\partial}{\partial y_{1}}\omega(y)dy$
Littlewood-Paley : $\eta,$ $\phi$
$\eta\in c_{0}\infty(B(1,0)),$ $\emptyset\in C_{0}^{\infty}(B(2,0)\backslash B(1/2,0)),$ $\phi j(\xi)=\phi(2-j\xi)$




$\frac{\partial}{\partial x_{1}}u(x)$ $=$ $\int_{R_{+}^{3}}\eta(2^{N}(x-y))G(x, y)\frac{\partial}{\partial y_{1}}\omega(y)dy$
$\partial$
$+ \int_{R_{+}^{3}}\sum_{jN}^{A}.\phi(2-j(X-y))G(_{X}, y)\frac{a}{\partial y_{1}}\omega(y)dy=-$
$+ \int_{R_{+}^{3}}\sum_{j=N}^{\infty}\emptyset(2-j(X-y))G(_{X}, y)\frac{\partial}{\partial y_{1}}\omega(y)dy$
$\equiv v_{h}(x)+v_{l}(x)+v_{m}(x)$




$R^{3}\wedge$ $C_{j}(x)$ $y$ 3
$\partial$
$v_{l}(_{X)} = \sum_{j=-N}^{J}.\int_{R_{+}^{3}}\phi(2-j(x-y))G(X, y)\frac{o}{\partial y_{1}}(\tilde{\omega}(y)-cj(x))dy$
$\partial$
$=$ $- \sum_{j=-N}^{\wedge}.\int_{R_{+}^{3}}\frac{o}{\partial y_{1}}\{\emptyset(2^{-j}(x-y))G(_{X}, y)\}(\tilde{\omega}(y)-^{c_{j())y}}Xd$
$| \frac{\partial}{\partial y_{1}}\{\phi(2^{-j}(x-y))G(x, y)\}|\leq C2^{-j}=C/|B(X, 2^{-}j+1)|$













$|| \frac{\partial}{\partial x_{1}}u||_{\infty}$ $\leq$ $||v_{h}||\infty+||v_{l}||_{\infty}+||v|m|_{\infty}$
$\leq$ $C(2^{-N/2}||u||H\mathrm{s}+\Theta(N)||\omega||_{\mathrm{b}}\mathrm{m}\mathrm{o}\beta(\Omega))$
$2^{-N/2}||u||_{H^{3}}\leq 1$ $N=2[\log_{2}||u||_{H^{3}}]+1$




$\frac{\partial}{\partial x_{3}}\text{ _{ }}$
$\frac{\partial}{\partial x_{3}}u=(\omega^{2}+\frac{\partial u^{3}}{\partial x_{1}}, -\omega^{1}+\frac{\partial u^{3}}{\partial x_{2}}, -\frac{\partial u^{1}}{\partial x_{1}}-\frac{\partial u^{2}}{\partial x_{2}})$
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